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The paper investigates how the Ricci rotation coefficients act in the Dirac equa- 
tion in presence of external gravitational fields described in terms of Riemannian 
space-time geometry. It is shown that only 8 different combinations of the Ricci 
coefficients jabcix) are involved in the Dirac equation. They are combined in two 
4- vectors Ba{x) and Ca{x) under local Lorentz group which has status of the gauge 
symmetry group. In all orthogonal coordinates one of these vectors, " pseudovector" 
Ca{x), vanishes identically. The gauge transformation laws of the two vectors are 
found explicitly. Connection of these Ba{x) and Aa{x) with the known Newman- 
Penrose coefficients is established. General study of gauge symmetry aspects in 
Newman-Penrose formalism is performed. Decomposition of the Ricci object, "ten- 
sor" ^abc{x), into two "spinors" 7(x) and 7(2;) is done. At this Ricci rotation 
coefficients are divided into two groups: 12 complex functions 7(2;) = {'^"'pp„) and 

12 conjugated to them 7(x) = i'^^^")- Components of spinor 7(x) coincide with 12 
spin coefficients by Newman-Penrose K;,7r,e,/3,A,a,cr,/3,T,z^,7. For 
listing these it is used a special letter-notation Li , Ni , Mi , Mi . The formulas 
for gauge transformations of spin coefficients under local Lorentz group are derived. 
There are given two solutions to the gauge problem: one in the compact form of 
transformation laws for spinors 7(2;) and 7(x), and another as detailed elaboration 
of the latter in terms of 12 spin coefficients. 



1 Dirac equation and Ricci coefficients 

The known Dirac equation on the background of a curved space-time involves the Ricci rotation 
coefficients [1], the non-linear objects of a curved space-time geometry, and it has the form [2-4] 
{Aa{x) stands for an external electromagnetic field, c = l,h = 1) 
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r(7 7 -77) 



or 



7li(ef,)9« + -a^'labc) - eA,] 
where jabcix) are the Ricci rotation symbols [1] 



m ^ ^ = 



7bac[X) 



labc{x) 



/3 a 



(1) 



(2) 



(3) 



and Aa{x) = e^^^^{x)Aa{x) designates tetrad (vierbein) components of the electromagnetic field 
4-vector. Now, with the use of the known formula for product of three Dirac matrices [5] 



^,c^,a.^,b ab ^fl ab , ^,b „ca , „-„5^cafefe„ 

111=19 -19 +19 +«7e Ik , 
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,0123 
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we can easily produce 



„,cab t^,ca^b „cb„a , •„,5 ^cabk„, \ 

1 =2^9 1-9 1 +11 e Ik) . 



Taking in mind eq. (jl]), eq. ([2]) can be transformed into 



1' [ i (efk) 9. + I ef,y^^ - j'e^"^ ,7a6c) - eA,] - m |> * = 



With the notation 

Bk{x) 



Ckix) 



^abc 



k labcix) 



the Dirac equation ([T]) will get the form 



7 He 



(fc) 



Or 



+ Bk - ii^Ck) - eAa] - m} 1- = 0. 



(4) 



(5) 



(6) 
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This form of the Dirac equation is remarkable in some aspects. The first one is that the 
vector field Ck{x) involved in eq. ([7]) vanishes identically in all orthogonal coordinates and their 
accompanying tetrads. Therefore, the Dirac equation will take on the simpler form 



{7' [ i(e"fc)5„ + Bk) -eAa]-m^^ = Q 



(8) 



Let us prove this property of the vector Ck{x). By definition, ^abc = —Ibac for the following 
is is useful to introduce a quantity antisymmetric with respect to be: 



Kbc{x) = labcix) - lacb{x) 
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For Xabc{x) there exists representation in terms of ordinary derivatives: 

Kbc = labc - lacb = (e(a)a;/3 " e(a);g;a)e"c)e^fe) 

Also the identity 

1 1 

lahc = 2 ('^abc + ^bca - Kab) = ^ (7afec " lacb + Ibca - Ibac - Icab + Icba) (9) 

holds. With the use of eqs. ([9]), for components of Cfc(x) (j6]) it follows 

Cq{x) = e'^^^ labc{x) = (Ai23 + A23I + A312) , 

Ci{x) = e"^" 1 -iabc[x) = -(A203 + A302 + A023) , 

C2{x) = e"^^ 2 labc{x) = (A301 + A013 + Ai3o) , 

C^{x) = e"''% 7afec(x) = -(A012 + A120 + A201) . (10) 
Let us consider these relations (jlOp in a space-time with a diagonal metric tensor: 

dS"^ = hl{x) {dx^f - hj{x) {dx'f , 
and its accompanying tetrad 



'(a)a I 



/ ho \ 

hi 

/i2 

V hs J 



(11) 



Taking into account ()lip and ([9j), for eq. (jlOp we can easily obtain the form 

Co(x) = [^26(1)3 - 93e(i)2]ej2)43) + ["536(2)1 " -^l 6(2)3] ^S)^?!) + 1^16(3)2 " 52e(3)l]e(i)ej2) , 

Ci(x) = -[^36(2)0 - 5oe(2)3]e(3)e5'o) - [(9oe(3)2 - 92e(^3)o]e^(off2) - [^26(0)3 - ^3e(o)2]e(2)e^3) , 
C2{x) = [9oe(3)i - 9ie(3)o]e{'o)efi) + [(9ie(o)3 - '93e(o)i]e(i)e^3) + [536(1)0 - doe^i^sjef^^e^^^ , 

Csix) = -[5ie(o)2 - 52e(o)i]e(i)ej2) " [^26(1)0 - 6(1)2] 6^2) efo) " [^06(2)1 - '9ie(2)o]e['o)e(i) . 

It should be noted that these relations involve only non-diagonal elements of the tetrad matrix 
e(a)/3(x), therefore all quantities Ck{x) vanish identically. So, always in any space-time models 
characterized by (jlip the above vector combination of the Ricci coefficient is zero: 

a{x) = ^e'^'\jabc{x)^0. (12) 
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We are to give attention to separation of these 8 relevant constituents from ^abc- To this 
end, as the first step, one decomposes ^abc{x) into the sum 



lahc = bahc - Ae^^^"" Cn{x)] + ^e^f,^ "C„ (j;) 

= /^^ab]c{x) + A e^^J" Cn{x) 

where A is to be chosen later. Indeed, let us require 

6'^'"^^A[,,],(x) = or 4C„(x) - A (e'^^^^e,,,") C„(x) 
From this, with relation (^^^^m^abc^ ~ ~^^m,^ it follows 

(4 + 6A) Cm = or A = -'^ . 



(13) 



0. 



With the use of the following notation for 3-rank tensor dual to a vector C„: 

, . 2 



[abc\ 



^abc^ Cn{x) 



the expansion (fT3|l looks as 



(14) 



(15) 



The latter provides us with the decomposition of the jabcix) into the sum of A^ab]c(,x), 
orthogonal to the Levi-Civita symbol 



^abc 



A[ab]c{x) = , 



and the C^abc] (^) non-orthogonal to the Levi-Civita symbol 



abc /~i 



ubc 



"2 ^afec" Cn{x) 



'{abc\\X, 

Further, taking in mind the known formula 



+4C„(x) = e"^'=m7afec(a;) 



(16) 



(17) 



klm n 
^ n^abc 



(-1) 



sjk sjk rfc 

"a "b "c 

S'- ()'■ 

"a "b "c 

s:m rm rm 

"a "b "c 



one produces the following form of C[abc]{x) in terms of the Ricci coefficients: 



[abc] \ 



CJx) 



' 2 ^abc "^n 



2 1 1 

-3 e^6c" 4 ^ ""n lklm{x) = - {jabc + Ibca + Icab) 



In addition, for Aabc one gets to 



2 1 

^[ab]cix) = labc - ^[abc] = o 7abc + ^ {lacb{x) - lbca{x)) . 



(18) 
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Take notice that one cannot obtain from C[abc]ix)i by means of simplification over any pair of 
indices, a non-zero vector. In other words, this tensor is irreducible. But such a trick is possible 
with the A[ab]c{xy. 

^[ab]c{x) = [A[ab]c{x) - a{gacBh{x) - gbcBa{x))] 
+a{gacBb{x) - gbcBa{x)) = E^ab]c{x) + B[ab]c{x), 

where 

Bb(x) = ^kbHx) = -^'^ k , 
Biab]cix) = Oi (gacBbix) - gbcBa{x)) , 
B[ab]c = ^[ab]c{x) - B^ab]c{x) ■ 

The choice a = +1/3 insures the properties 

B[kb]Hx) = Bbix) , (x) = -Bb{x) , 



(19) 



Eikb'ix) = , (x) = . 

Besides, the quantity E^ab]c{x) is orthogonal to the Levi-Civita symbol: 

So, we get to the result we need: the Ricci object can be composed as the sum 
labcix) = C[abc]{x) + -B[a6]c(a3) + E[ab]c{x) 



(20) 
(21) 
(22) 



where the tensors C^abcjix) and B[ab]cix) are the combinations which are relevant as we concern 
the Dirac equation in any curved space-time model. Besides, in any orthogonal coordinate 
system the tensor C^abc] (x) vanishes identically. 

2 Gauge properties of Ba and Ca 

Now we are going to consider how the above two vector fields Ba{x) and Ca{x) behave with 
respect to any local tetrad Lorentz transformation [1] . For more generality we will take account 
of proper as well as improper Lorentz matrices 



e^^^ix) = L,\x) ef,)(x) , L,\x) = L,\k{x)X{x)) . 
Starting from definition of Ba{x), one can readily produce 



(23) 



Kix) = 



La'ix) ( ef,) ) + 



from where it follows the transformation law for Ba{x) we need: 

B'aix) = L^\x) Bb{x) + eg,) . 



(24) 
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Analogously let us analyze the case of Ca{x). Now, it will be convenient to go from the 
known formulas for gauge transformation of the Ricci coefficients [1] 



dh\x) 
dxt' 



(25) 



Instead of Lj'{x)gki we will write Lai{x) and so on; with this notation the orthogonality 
condition for Lorentz matrices will take the form Lab = ^ba' Multiplying eq. (I25p by j^, 
we get to 



^abc 



d Lj'{x)L^\x)LJ'{x) -fklnix) 



1 

+ 4^' 



abc 



Lal{x) 



dL,\x) 
dxt^ 



Now, taking into account the known formula 
we will have 



abc T k T It n 
£ d ^b 



+ det [L *] e'^'"- Ldr, 



with the use of which in eq. ([26]) we get to the required gauge law (det {Lj^) = det L): 

C'^{x) = detL(x) L^ix) C„,{x) 



abc 



Lal{x) 



d{L-')\{x) 



L^'^ix) e 



(26) 



(27) 



3 Connection with the Newman- Penrose spin formaUsm 

Now we are going to dwell upon the structure of the Dirac equation ([7]) in a detailed component- 
based forrG0. As a first step let us write down the Dirac equation in the 2-spinor (splitted) form 
(the conventional notation for spinors based on dotted and undotted indices is used) 

a'^ [ i {e^^^^^^p + Ba + iCa)-eAa]i = mr] , 

[ i (efa)5/3 + Ba-iCa)-eAa]r^ = mi. (28) 

From this, allowing for the explicit form of the Pauli two- by- two matrices, and introducing a 
special letter designation according to 

-S(O) + -S(3) = , 5(0) - -8(3) = Bi , 
- iB(2) = B2 , -B(i) + iB(2) = B3 , 
C{o) + C(s) = Co , C(o) - C(3) = Ci , 



^In the widely used method of spin coefficients by Newman-Penrose [4] just a such approach is exploited; we 
consider the above Dirac equation ((7|) in that spin-coefficient language and then compare it with the form based 
on the use of the vectors Baix) and Ca(x) (O. 
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C(i) - ^C'(2) = C2 , C(i) + iC(2) = C3 

^(0) + ^(3) = ^ , ^(0) - ^(3) = ^1 



for eqs. (p8]) we get the form 



i(e^5/3 + So + iCo) - bAq ii^d/s + B2 + iC2) - eA2 

i{e% + B3 + ids) - eis iie^dfs + + iCi) - eii 



^ = rrif] 



a" [iief^^dp + Ba + iCa)-eAa]v 
i{e{dp + Bi- iCi) - eii -^(ef^/? + B2 - iCs) + eia 

-i(ef 9^ + ^3 - iCs) + eia i(e^a^ + ^0 - iCo) - eio 



r] = m ^ . 



(29) 



The forms obtained reflect exphcitly that only 8 of the 24 Ricci coefficients are involved in the 
Dirac equation: Bq, Bi, -621^3 and Co, Ci, (72, Cs- 

Now we will go into the notation accepted in the Newman- Penrose approach [4]. First, for 
describing the connection Ba{x) in spinor basis one is to introduce the following designation 

^"^"^^ - V S J - 8 V af^a,.,^ - a,.,^a^ ) ' 

where 

Also, one is to employ the letter notation for elements of the matrices a^{x) and a^{x): 




(0)+^(3) e(i)-n2) \-,/^f l^i^) ^^i^) 



^(1) ' "''(2) "-(0) "-(3) 

= I 'i?' " "h ~f' ^ )=M "'If , 7/*f ' 1 ■ (31) 

V - '4) '(0) + '(3) / ^ ' 

and further 
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So, the expression for connection T,a{x) is 



In getting ([32]) one must allow for that arbitrary generally covariant scalar products 

are generally covariant invariants, therefore the identities of the form 

n^ll3 = inv n^;ah + = , 

n^fhp = inv =^ n^.^fhp + n^fhp-a = 
and so on hold. In the same manner we find the expression for Sa(x)-connection: 



and finally 



l^np 



To write down the Dirac equation 

i (t"(x) {da + ^(x) = m r]{x) , 

i {da + r/(x) = m ^(x) , 

in the Newman- Penrose approach we are to develop expressions for involved differential operators 
in corresponding notation. To this end we obtain 



{da + ^a{x)) = iV2 



I'^da m'^da 
iff da n"da 



+ 



'\{l^np.a + m/^mp.a)l°' + nn'^l^mp-a +\{l^np-^a + ni^mp.^a)^^ + I'^n^mp.^a 

■^{l^np-a + ni/^fhp-a)'^'^ + n'^l/^rhp-a + ?TT.^?7i/3;a)re" + ffl'^n^ mp-a 



Let us introduce conventions: 



m"'da = Vm , rnF'da = ; 
besides it will be convenient to omit pairs of mute indices: 

rhis-a^^m'^ = fhlm = —Imrn , 
-^{n^.J^ + fhp.am^)l°' = ~{nl + fhm)l 

and so on. Thus, the above equation will look as 

• a/ \/Q , / \\ f y I - 'k{nl + fhm)l + mini V m + \(nl + mm)m + mnl , 

In the same manner we find 

■-at N/o , ■e. / N\ ( ^ii+\{nl + mm)n + fhnm -V m + + mfn)m - mln , 

y —\ in — ^{nl + mmjm — mm w i + mlm — ^{nl + mmjL ' 

Let us define 12 complex combinations of the Ricci coefficients: 



(36) 



These (Lj, iVj, Mj, Mj) are related straightforwardly with the so-called Newman-Penrose coef- 
ficients [4] 

(A;, TT, e; p, A, a; cr, /x, ^; r, i/, 7) 

according to 



{lrh)l 


= Li 


{lfh)m = 


Ml 


[—nm)l 




{—nm)m = 


M2 


^{In + mfh)l 


= Ls 


^{In + mfn)m = 


M3 


{lm)m - 


= Ml 


{lfh)n = 


iVi 


{—nm)rh - 


= M2 


{—nm)n = 


iV2 


\{ln + mm)fh - 


= M3 


\{ln + mm)n = 





Li = 


k* 


L2 = 


IT 


L3 = 


e* 


iVi = 


T* 


N2 = 


U* 


m = 


7 


Ml = 


P* 


M2 = 


\* 


Ms = 


a* 


Ml = 


a* 


M2 = 




Ms = 





In this notation, the above differential operators read as 



ia^(x)(d + S (x)) -iV2( + ^3 - Ml) (V„ + L2 - M3) \ 
r-fxKO + S fx)) - ( ^^'^ + ^2 - ^^1) -(Vn. + M* - N*) \ 
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It should be noted that in eqs. (j37p and (j38p only the following 8 spin coefficients and their 
conjugates 

L2, L3, M2, M3, iVi, iVs, Ml, Ms, 
L^, L^, M|, M3*, Nl, Nl Ml, Ml 

are involved, and what is more, these quantities enter the equations only in combinations 

L3-M1, L2-M3, Af3-iVi, 
M2-iV3, (L3-M1)*, (L2-M3)*, 
(M3-iVi)*, (Ms-iVs)*. 

In other words, this means that only 8 real- valued combinations of the Ricci object enter the 
Dirac equation. 

It remains to establish how these spin-coefficients-based parameters refer to the above vectors 
Ca{x) and Ba{x) ([6]). By straightforward comparison we derive 

^0 + ^(70 = V2(L3- Ml) , 

Bo-iCo = y/2{Ll- Ml) , 

Bi +iCi = V2 (M2 - N3) , 
Si -iCi = V2 (M2* - N^) , 

B2 + iC2 = V2 (L2 - M3) , 
B2 -iC2 = V2 (M3* - Nl) , 

B-i + iCs = V2{Ms-Ni) , 

B3-iC3 = V2{Ll-Ml), (39) 

from here it follows 



^0 


= 2 




-Mi + Ll- Ml) , 


Bi -- 


= 2" 


^'\M2- 


N^ + M^-N*^) , 


B2 


= 2- 


-'/\L2- 


M3 + M3* - Nl) , 


B3 


= 2' 




-Ni + Ll- M3*) , 


iCo 


= 2 




-M1-LI + Ml) , 


iCi -- 


= 2" 


'/\M2- 


iV3 - M* + iV3*) , 


iC2 


= 2" 


-"\L2- 


M3 - M3* + iVi*) , 


iCz 


= 2 




-Ni-Ll + Ml) 



As it should be expected, the Bq, i3i and Co, Ci are real- valued, but = B2, C3 = CI- 
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4 Newman-Penrose coefficients in spinor approach 

To present time, the method of spin coefficients proposed by Newman and Penrose has become 
prevalent in studying gravitational fields and particle fields on curved space-time background 
(see, for example, the textbook by Rindler and Penrose [4] or surveys by Frolov [6], Alekseev 
and Khlebnikov [7]). The point we are going to elaborate below is that the spin coefficients 
provide us with gauge non-invariant characteristics of a gravitational field. So the question of 
their gauge properties is of special physical meaning, important conceptually and relevant to 
ordinary day-to-day technical work with gravitational fields. 

Let us begin with special definition of spin coefficients in spinor approach. Starting from 
ordinary (non-isotropic) tetrad and conventional Ricci rotation coefficients 

instead of 'jabdx) one can introduce two complex-valued (say "spinor") objects 7(x) and j{x): 

7(x) = (^a''a''0 a"^ -fabc{x) , jix) = (^a''a^0 a^) -fabc{x) ; (41) 

7(3;) and 7(a;) stand for objects with four 2-spinor indices. Inversely, initial Ricci coefficients 
can be reconstructed as follows 

7fc/m(x) = A [ Tr{ak ai ® Ti{an ] 7{x) + A [ Ti{akai ® T¥(ct„ ] 7(2;) . (42) 
It readily can be found A = 1/16 by substituting expressions (|1T]) for 7(x) and 7(x) into ()12]) : 
7kim{x) = ATv {ak CFi aa cFb) Tr (a„ ac) 7'''"'(x) 
+ A Tr {ak ai aa at) Tr (a„ a^) 7"'" (a:) 
and taking into account the known formulas for Pauli matrix traces 

Tr {akOidaCrh) = ^{gkigab - QkaQlb + QkbQla - if^klab), 

Tr {akOiaaOh) = "^igklQab - 9ka9lb + QkbQla + if-klab), 
Tr(a„fTc) = 2gnc , Tr(fT„CTc) = '^^Qnc ■ 

Further, with the use of Ricci coefficient definition, spinors j{x) and j{x) will read 

7(2;) = -aa;i3{x) a'^ix) (g) a'^{x) , 7(2;) = -aa;i3{x) ^"(a;) (g) a^{x) . (43) 

For the following it will be more convenient instead of 7(x), 7(x) to use slightly modified spinors 
r(x) and r(x): 

r(x) = {e0l ® 10 I) 7(x) , r{x) = {I 0e0e0e) j{x) , 
where e = — i a^. These spinors are symmetrical over two first indices: 

^(x) = [ 'y(alS)paix) ] , f (x) = [ ^(^^^^p^{x) ] . 
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Explicit spinor-indices structure of all other quantities involved looks as follows 

ct" = alp , a- = a'^^P , 

7(^) = (7^p^(^)) = [ ( ^^'"^""^ <ylp ) <yl, laU^) ] , 

7(x) = {l/'^ix)) = [ {al, a^^hi'yr'^laU^) ] , 
Now, with the use of special letter-notation (|3T]) for T{x) and T{x) one gets 

\ la;[sn°' + fha-ijm'^ — 2?7-Q,;/3m° / \ j 

It should be noted (r(x))* = r(x), where the symbol * stands for complex conjugation. 
Therefore one may consider transformation law for the T[x) only. Besides, you may omit indices 
(a, /3) for short - then you arrive at 

(l-fh ^(In + mfh) \ ( I m \ 

^{in + mm) —nm j \ m n J 

All 12 independent components of the r(x) (the first matrix in (j44p is symmetrical one) may be 
listed in the manner we like: with the help of 12 different letter symbols - see (|36|) . The quantities 
(Lj, iVj, Mj, Mj) may be straightforwardly connected with the so-called Newman-Penrose spin 
coefficients (fc, vr, e; p, A, a; cr, /?; r, z/, 7): 





= ck* 


L2 


= CTT* 


L3 


= ce* 


Ni 


= CT* 


N2 


= CU* 


N3 


= c 7 


Ml 


* 

= cp 


M2 


= cX* 


M3 


* 

= c a 


Ml 


= ca* 


M2 


* 

= C /i 


Ms 


= C;5* 



where c = 2^/^. 

5 Gauge transformation 

Now the task is to consider the problem of general 6-parametric gauge transformations for 
spin coefficients {Li, Ni, Mi, Mi) under local Lorentz group. Let us start with the known gauge 
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law for the ordinary Ricci object jabcix)'- 

I'abci^) = LaHx) Lf,\x) Lj'ix) ^kln{x) 



d 



L;\x) el^^{x)] 



As the 4x4 Lorentz matrix LJ'{x) depends upon both A;(a;) and conjugate k*{x), the second 
term in the formula contains both {d/dx'^) ka and {d/dx'^) k*. 

It will be seen, simpHfication we arrive at in spinor basis 7(2:) and 7(2:) is that each of spinors 
7(0;) and 7(0;) transforms independently within itself, besides terms (d/dx^) ka and (d/dx^) k* 
enter its own transformation law. The task is to find these two formulas. 

Let us proceed from spinors j'ix) and j'{x) in a primed tetrad e^°^(x) = LJ'{x) e'^^^{x): 



Taking the the known relations [5] 

(7'"(x) = B{k{x)) a{x) B{k*{x)) , a''^{x) = B{k*{x)) a{x) B{k{x)) , 

we get to 

dB{k) 



(45) 



j'{x) 



^x^^ 



-{a^a^)B{k) + B{k)a^,^a''B{k) 



+B(k)a^, ^^}^P B{k*)u^B{k) 



i{x) = - 



dBik 



<B{k*)a''B{k), 



dx^^ 



{a''a,)B{k*) + B{k*)a,,^a''B{k*) 



+B{k*)a,^^B{k)a-B{k* 



'B{k)u^'B{k*). 



In both formulas third terms vanish because of two identities 

a,A^^B{k*)]a^^Q, a^[^Bik)]a'^^0 



^x^^ 

hold. So that we arrive at 



dx" 



i{x) = {B{k) ® B{k) (8) B{k*) (8) B{k))j{x) + 4 B{k) 



dBCk) \ 



B{k*)a''B{k) , 



i{x) = [{B{k*) B{k*) B{k) (8 B{k*))j{x) + 4 ( B{k*)^^^ ] ® B{k)a''B{k*)]. 



dxf^ 



Prom this, with the use of 



e B{k) = B{k) e , ( e^^, = -z cr^ ; e^,, = -i a^) 
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gauge formulas for T{x) and r(x) follow 

r'(x) = {B{k) » B{k) B{k*) ® B{k))V{x) + 4e{B{k)^^^) {B{k*)a''B{k)), (46) 

t'{x) = {B(k*) B{k*) B(k) B(k*))T{x) + 4{B{k*)^^^€) ® {eB{k)a^'B{k*))e. (47) 

ox^^ 



(48) 
(49) 



In more detailed form the law (j46p means 

L'i = bb*Fi - dd*Gi - db*Hi - d*bAi 
M[ = -cb*Fi - ad*Gi + ab*Hi + cd*Ai 

Ml = -c*bFi - a*dGi + dc*Hi + a*bAi 
N'i = cc*Fi + aa*Gi - ad* Hi - a*cAi 



where 



Fi = [{b^Li + d^L2 - 2bdLz) - 2l^'{bd^d - dd^b)] , 



Gi = [{b^Ni + d^N2 - 2MA^3) - 2n^'{bd^d - dd^b)] , 



Hi = [{b'^Mi + d^M2 - 2bdM^) - 2m>'{bd^d - dd^,b)] , 

Ai = [{b'^Mi + d^M2 - 2bdMz) - 2m^{bd^d - dd^b)] ; 
F2 = [{c^Li + a^L2 - 2acL^) - 2l^'{cd^a - ad^c)] , 
G2 = [(c^iVi + a^N2 - 2acN^) - 2n^(c5^a - ad^c)] , 
H2 = [(c^Mi + a^Mz - 2acM3) - 2m^'{cd^a - ad^c)] , 
A2 = [(c^Mi + a^Ma - 2acM3) - 2rh^'{cd^a - ad^c)] , 
F3 = [-bcLi - adL2 + {ab + cd)L3 - 2l^'{ad^b - cd^d)] , 
G3 = [-bcNi - adN2 + {ab + cd)N3 - 2nf'iad^b - cd^d)] , 
H3 = [-bcMi - adM2 + {ab + cd)M3 - 2m^'{ad^b - cd^d)] , 
A3 = [-bcMi - adM2 + {ab + cd)M3 - 2m^'{ad^b - cd^d)] ; 

The quantities (a, b, c, d) are elements of spinor (2x2)- transformation B{k{x)) £ SL{2.G) 
corresponding to the local Lorentz matrix: 

e[^^{x) = L,-{k{x), k*{x)) , B{k{x)) = (^g . (50) 
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6 Example, spin coefficients of spherical tetrad 



Here one illustrative example will be considered: let us find explicit spin coefficients in spherical 
tetrad of Minkowski space by means of a direct gauge transformation of zero spin coefficients in 
Cartesian tetrad. When starting spin coefficient vanish identically, in the above formulas (j48p 
and (|49p are present only second non-uniform terms. 

For elements (a, b, c, d) of spinor matrix corresponding to transition from Cartesian tetrad 
to spherical one, we have 



cos%-^'^/2 



(51) 



These parameters are functions of variables (6 
index fi to refer to x'^ = (t, r, 6, cp). We have 



therefore in (1481) and (14911 it is convenient 



fT^(a;) = {dx^'/dx')a\x) , a\x) 



(52) 



where x^^ and x* stand for spherical and Cartesian coordinates respectively, e*^^^ = 5^ is a 
Cartesian tetrad defined in Cartesian coordinates. Correspondingly, a^{x) is 



l^^{x) m'^(x) 



m'^ [X) w^ix) 



dx°- 



a 



(53) 



From (1531). with the relations 



dr ^ I dr n , '^'^ 

— = sm cos (/),— = sm 6 sm 0, — = cos ( 

ox oy oz 



89 cos 6 cos (j) 89 
dx r ^ 8y 



cos 9 sin (j) 89 
r ' dz 



smf 



dx 



it follows (Z'^, n'^, m'^, m'^): 

/ 



sm sm ( 



cos m sm ( 



8y 



7f = 
8z 



cos 
1 



r 



sm( 





1 \ 

— cos 9 
+\ sine 

/ 



smf e 



i COS 9 e-'"^ 
-i e"*"^ sine 



sm t/e 



i COS e 6+*"^ 



V + 



smt 
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In addition 

dd db 1 da dc 1 

dd~ de^~2' ''T'^'T^'r 

, dd db i ^ da dc i ^ 
- ^50 = - 2 ^' - "50 = ^' 

db ^da db da i ^ 
a— 0-— = 0, a— 0-— = smt^. 

de de d(t) d(t) 2 

With the use of which we get to the Fi, Gi, Hi, A^: 

11 11 
Fi = — sin6l , F2 = sin 61 , d = + - sin6' , G2 = + - sin6' , 



Hi = - (+1 + cos6') e-'"^ , H2 = - (-1 + cosO) e''^ 
r r 



Ai = i (-1 + COS0) 6+^-^ , A2 = ^ (+1 + cos^) e+''t' , 

F3 = , G3 = , H3 = + - cote e-'^ , A3 = - - cot e+'^ . 

r r 

Now, from (|48p and (j49|) we can readily calculate spherical spin coefficients: 

Li = , A^i = , 

2 1 
Ml = - , M2 = , M3 = - cot 61 , 

2-1 
Ml = , M2 = - , M3 = - cot 6* . 

These quantities are needed in working with spherical coordinates and tetrad. It is seen that 
a special gauge transformation is responsible for their explicit form. 



7 Conclusions 

It is shown that only 8 different combinations of the Ricci coefficients are involved in the 
Dirac equation on a curved space-time background. In other words, 5 = 1/2 particle effectively 
observes only 'a third' of geometric characteristics of any space-time model, and by no means 
responds to remaining 16 ones. These eight ones may be collected in two 4- vectors Ba{x) 
and Ca{x) under local Lorentz group which has status of the gauge symmetry group. In all 
orthogonal coordinates one of these vectors, " pseudovector" Ca{x), vanishes identically. The 
gauge transformation laws of vectors Ba{x) and Ca{x) are found explicitly. The Ricci rotation 
coefficients, being exploited in the generally covariant linear Dirac equation, assume their very 
strict and subtle gauge symmetry properties. Connection of these Ba{x) and Ca{x) with the 
known Newman-Penrose coefficients is established. Insight into the Ricci object in terms of the 
two vector fields Ba,Ca seems deeper and simpler than the spin coefficients method. 



16 



General study of gauge symmetry in Ncwman-Penrose formalism is done. To this end, 
decomposition of the tensor ^abc{x) into two spinors 7(0:;) and ^{x) is performed. At this Ricci 
rotation coefficients are divided into two groups: 12 complex functions j{x) = (7"^^^^) 

conjugated to them ^{x) = {'^^^)- Components of spinor ^{x) coincide with 12 spin coefficients 
by Newman-Penrose K,Tr,€,p,X,a,a,f3,T,i',^. For listing these it is used a special 
letter-notation U , Ni , Mi , Mi {i = 1, 2, 3). 

The formulas for gauge transformations of spin coefficients under local Lorentz group are 
derived on the base of spinor approach. In contrast to a generally accepted treatment of gauge 
symmetry in Newman-Penrose formalism with only 2-parametric Lorentz matrices the formulas 
obtained are applicable for any general 6-parametric transformation. There are given two so- 
lutions to the gauge problem: one in the compact form of transformation laws for spinors 7(x) 
and 7(x), and another as detailed description of the latter in terms of spin coefficients. 
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